This paper addresses fundamental issues that arise in the application of the nuclear-electronic orbital ͑NEO͒ approach to systems with equivalent quantum nuclei. Our analysis illustrates that Hartree-Fock nuclear wave functions do not provide physically reasonable descriptions of systems comprised of equivalent low-spin fermions or equivalent bosons. The physical basis for this breakdown is that the ionic terms dominate due to the localized nature of the nuclear orbitals. Multiconfigurational wave functions that include only covalent terms provide physically reasonable descriptions of these types of systems. The application of the NEO approach to a variety of chemical systems is presented to elucidate the isotope effects on the geometries and electronic wave functions. Deuteration of hydrogen halides, water, ammonia, and hydronium ion decreases the bond length and the magnitude of negative partial atomic charge on the heavy atom. These results are consistent with experimental spectroscopic data. Deuteration at the beta position for formate anion and a series of amines increases the magnitude of negative partial atomic charge on the protonation site for the unprotonated species. This observation is consistent with the experimentally observed increase in basicity upon deuteration at the beta position for carboxylic acids and amines.
I. INTRODUCTION
Conventional electronic structure calculations, in which the electronic wave function is calculated in the field of fixed classical nuclei, do not provide information about isotope effects on geometries or electronic wave functions. Gridbased methods, 1, 2 in which the nuclear wave function is calculated for the Born-Oppenheimer electronic ground state surface, provide information about isotope effects on geometries but do not allow the electronic wave function to respond to the nuclear wave function. Moreover, grid-based methods are limited in dimensionality by the computationally expensive generation of the multidimensional BornOppenheimer potential energy surface. Isotope effects on geometries and electronic wave functions can be investigated with methods in which specified nuclei are treated quantum mechanically on the same level as the electrons. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] In the nuclear-electronic orbital ͑NEO͒ approach, [9] [10] [11] [12] [13] both the electronic and nuclear molecular orbitals are expressed as linear combinations of Gaussian basis functions, and the variational method is used to minimize the energy with respect to all molecular orbitals and the centers of the nuclear basis functions. In applications of the NEO approach to chemical systems, typically the hydrogen nuclei are treated quantum mechanically, and all other nuclei are treated classically. The isotope effects can be studied by changing the masses of the quantum hydrogen nuclei to the mass of deuterium or tritium. Since deuterium nuclei are bosons, whereas hydrogen and tritium nuclei are fermions, the exchange terms in the energy expressions are different for deuterium. Additional challenges arise for systems with multiple quantum nuclei in identical environments.
In this paper, we address fundamental issues that arise in the application of the NEO approach to systems with equivalent fermionic or bosonic nuclei. Our analysis shows that Hartree-Fock nuclear wave functions lead to nonphysical descriptions for systems comprised of equivalent low-spin fermions or equivalent bosons but not for systems comprised of high-spin fermions. We elucidate the physical basis for this phenomenon and show that multiconfigurational wave functions lead to physically reasonable descriptions of these types of systems. We also illustrate that the exchange terms are typically negligible for quantum nuclei, thereby enabling the use of a simpler energy expression for equivalent bosons as well as fermions.
In addition, we utilize the NEO approach to investigate the isotope effects for a variety of chemical systems, including hydrogen halides, water, ammonia, hydronium ion, water dimer, ammonia-water dimer, formate anion, and a series of amines. Our objective is to elucidate the isotope effects on the geometries and electronic wave functions. We also compare the theoretical results to available experimental data. The isotope effects on bond lengths [16] [17] [18] [19] and hydrogen bonding 20, 21 have been studied experimentally for numerous systems. These experimental data imply that deuteration decreases the covalent bond lengths. Moreover, beta secondary isotope effects, which arise from isotopic substitution of two bonds from the reaction site, have been probed experimentally for carboxylic acids 22, 23 and amines. 24 These experi- NEO calculations are consistent with these experimental results and provide further insight into the underlying physical basis of isotope effects.
An outline of this paper is as follows. In Sec. II, we present a theoretical analysis of the application of the NEO approach to systems with equivalent fermions or bosons. This section includes numerical results for simple model systems to illustrate the breakdown of Hartree-Fock for systems with equivalent low-spin fermions and equivalent bosons. In Sec. III, we present the application of the NEO approach to a range of different chemical systems and compare the results to experimental data. Section IV summarizes the results and provides concluding remarks.
II. THEORY
In the NEO approach, 9-13 the system is divided into three parts: N e electrons, N p quantum nuclei, and N c classical nuclei. At the Hartree-Fock level, the total nuclear-electronic wave function can be approximated as a product of single configurational electronic and nuclear wave functions:
where ⌽ 0 e ͑r e ͒ and ⌽ 0 p ͑r p ͒, respectively, are antisymmetrized wave functions ͑determinants of spin orbitals͒ representing the electrons and fermionic nuclei such as protons. ͑Here r e and r p denote the spatial coordinates of the electrons and quantum nuclei, respectively.͒ The spatial orbitals for the electrons and the quantum nuclei are expanded in Gaussian basis sets, and the variational method is used to minimize the total energy with respect to both the electronic and nuclear molecular orbitals, as well as the positions of the nuclear basis function centers. The NEO methodology has been implemented in the GAMESS electronic structure program. 25 In this section, we address fundamental issues that arise in the application of the NEO method to systems with equivalent quantum nuclei. Consider the Hamiltonian for a system of two identical particles:
where T i is the kinetic-energy operator for particle i and r 12 is the distance between the two particles. We represent the two particles by two basis functions: a centered at r a and b centered at r b with overlap integral S ab . We define two orthogonal spatial molecular orbitals as
where N ± =1/ ͱ 2͑1±S ab ͒. Here we consider systems in which the two particles are nuclei, and Eq. ͑3͒ defines the nuclear molecular orbitals. We analyze two types of nuclear systems. The first system is comprised of two fermions corresponding to two protons each with +1 charge and mass of 1836 a.u. The second system is comprised of two bosons corresponding to two deuterons each with +1 charge and mass of 3672 a.u.
For the system of two fermions, the total wave function must be antisymmetric with respect to interchange of the two particles. The Hartree-Fock fermionic wave function is represented by a single Slater determinant ͑i.e., an antisymmetrized product of molecular orbitals͒. Each proton can have spin ␣ ͑m s = +1/2͒ or ␤ ͑m s =−1/2͒. We consider two cases for this fermionic system. In case 1, the two particles have different spins and are in the ground state molecular orbital, corresponding to a low-spin system with spin orbitals + ␣ and + ␤. In case 2, the two particles have the same spin and are in different molecular orbitals, corresponding to a highspin system with spin orbitals + ␣ and − ␣. The HartreeFock ͑HF͒ fermionic nuclear wave functions and energies for these two cases are
where T aa = ͑a͉T ͉a͒ and T ab = ͑a͉T ͉b͒, and the two-particle integrals are defined as in Ref. 9 . For the system of two bosons, the total wave function must be symmetric with respect to interchange of the two particles. The Hartree-Fock bosonic wave function is represented by a symmetrized product of molecular orbitals. Each deuteron can have spin ␤ 1 ͑m s = +1͒, ␤ 2 ͑m s =−1͒, or ␤ 3 ͑m s =0͒. Here we consider only the two high-spin cases for this bosonic system, where the total spin is two. Analogous derivations lead to similar results for bosonic systems with zero total spin. In case 1, the two particles have the same spin and are in the ground state molecular orbital, corresponding to a high-spin system with spin orbitals + ␤ 1 and + ␤ 1 . In case 2, the two particles have the same spin and are in different molecular orbitals, corresponding to a high-spin system with spin orbitals + ␤ 1 and − ␤ 1 . The Hartree-Fock bosonic nuclear wave functions and energies for these two cases are
The Hartree-Fock energy expression for the high-spin boson system described by Eq. ͑9͒ is the same as the low-spin fermion system described by Eq. ͑4͒:
that the values of the kinetic energy terms will differ for hydrogen and deuterium due to the difference in the masses. The nuclear wave functions can be characterized in terms of covalent and ionic terms, where covalent terms correspond to the two particles in different atomic orbitals and ionic terms correspond to the two particles in the same atomic orbital. The low-spin fermionic wave function ⌿ ++,␣␤ is comprised of only ionic terms. The energies corresponding to wave functions with ionic terms include the repulsive atomic integral ͑aa ͉ aa͒. Typically the repulsive atomic integral ͑aa ͉ aa͒ is much larger for nuclei than for electrons because nuclear atomic orbitals are more localized than electronic atomic orbitals. As a result, the Hartree-Fock energies for nuclei are unphysically large for all cases except the high-spin fermionic case, which does not contain any ionic terms in the energy expression. Moreover, the ionic terms also lead to numerical instabilities in the self-consistent-field procedure.
7 Table I provides the energies for the two types of nuclear systems. For these calculations, the distance between the nuclear basis functions is 1.3843 a.u. and the exponent of the 1s-type Gaussian basis function is 21.9464. The energy for the high-spin fermionic nuclear system is 0.7581 a.u., whereas the energies for the other nuclear systems are greater than 3.0 a.u. For comparison, the Coulomb interaction of two classical positive charges at a separation of 1.3843 a.u. is 0.7224 a.u., which is consistent with the Coulomb terms for the high-spin fermionic nuclear system. ͓As given in Table I , ͑aa ͉ bb͒ = 0.7224 a.u. and ͑ab ͉ ab͒Ϸ0.͔ In contrast, the Coulomb terms for the other nuclear systems are much larger than the classical Coulomb interaction. As the distance between the nuclei increases, the Coulomb terms go to zero for the high-spin fermionic nuclear system ⌿ +−,␣␣ and the low-spin fermion system ⌿ ++,␣␤ f,HF . Thus, the Hartree-Fock description for bosons and for low-spin fermions leads to nonphysical energies for systems of identical nuclei.
The difficulties with the large repulsive term for the nuclear systems can be eliminated by utilizing multiconfigurational wave functions with the configuration interaction ͑CI͒ approach. In this case, two configurations can be combined in a manner that eliminates the ionic terms. For lowspin fermions, the Slater determinant ⌿ ++,␣␤ f,HF , which is comprised of molecular orbitals + ␣ and + ␤, can be combined with a second Slater determinant ⌿ −−,␣␤ f,HF , which is comprised of molecular orbitals − ␣ and − ␤, to form the purely covalent CI nuclear wave function
͑12͒
The CI energy for the low-spin fermionic nuclear system is nearly the same as the Hartree-Fock energy for the high-spin fermionic nuclear system given in Eq. ͑7͒. ͓The only differences between the energy expressions in Eqs. ͑7͒ and ͑12͒ are the signs of the S ab 2 , S ab T ab , and ͑ab ͉ ab͒ terms.͔ The numerical value for this energy is E ␣␤ f,CI Ϸ E +−,␣␣ f,HF = 0.7581 a.u. for a mass corresponding to hydrogen. When the kinetic energy terms are removed, these energies correspond to the Coulomb interaction for two classical particles at this separation. A similar procedure is applicable to the systems with two bosons. For high-spin bosons, the wave function
, which is a symmetrized product of molecular orbitals + ␤ 1 and + ␤ 1 , can be combined with a second wave function
, which is the symmetrized product of molecular orbitals − ␤ 1 and − ␤ 1 , to form the purely covalent CI wave function
Note that the high-spin boson wave function
includes only ionic terms and therefore does not contribute to the high-spin CI wave function ⌿ ␤ 1 ␤ 1 b,CI . The CI energy expression for high-spin bosons has the same form as the CI energy for low-spin fermions: sponding to deuterium. As for the fermionic case, when the kinetic energy terms are removed, these energies correspond to the Coulomb interaction for two classical particles at this separation. This analysis pertains to identical nuclei in symmetric environments. In these types of systems, the molecular orbitals are determined by the symmetry of the Hamiltonian operator. Alternatively, a valence bond approach 7 could be used to obtain wave functions that include only covalent terms, analogous to the two-state CI wave functions given above. Another option is to remove the symmetry restrictions on the molecular orbitals in NEO-HF, thereby allowing the molecular orbitals to become localized. Note that this option is not applicable to closed-shell systems or to boson systems in which multiple nuclei occupy the same molecular orbital. For asymmetric systems, typically the nuclear molecular orbitals are localized, and the Hartree-Fock wave functions provide physically reasonable descriptions. This analysis is generalizable to systems with more than two identical nuclei, such as the hydronium ion and ammonia. For such systems, however, more than two CI configurations may be required to obtain physically meaningful results.
A system comprised of two electrons exhibits analogous behavior. For example, in the restricted Hartree-Fock electronic wave function for the H 2 molecule, both electrons are forced to occupy the same spatial molecular orbital that is symmetry determined ͑analogous to + ͒. As for nuclear systems, this electronic wave function includes both covalent and ionic terms. The dissociation of the H 2 molecule is not correctly described at the restricted Hartree-Fock level because the energy includes a one-center electron-electron repulsion integral analogous to ͑aa ͉ aa͒. The dissociation of H 2 is correctly described by a CI wave function or by the valence bond approach, which includes only covalent terms. In the electronic case, typically the Hartree-Fock approach is adequate for the equilibrium molecular geometry due to a balance between the covalent and ionic terms in the energy expression. In contrast, for quantum mechanical nuclei, typically the Hartree-Fock approach is inadequate even for the equilibrium molecular geometry because the nonphysical ionic terms still dominate the energy. In general, the ionic terms are not as unfavorable for electrons as for nuclei because the electrons are more delocalized than the nuclei. Note that the repulsive integral ͑aa ͉ aa͒ is Ϸ5 a.u. for the nuclear basis functions used here but is 0.7746 a.u. for a typical electronic STO-3G basis function. 26 For the HartreeFock nuclear wave functions, the covalent terms balance the ionic terms only at extremely short ͑nonphysical͒ nuclear basis function center separations.
We have shown that the two-state CI energy expressions for high-spin bosons have the same form as the two-state CI energy for low-spin fermions, and the latter CI energy is equal to the Hartree-Fock energy for high-spin fermions when the terms with S ab and ͑ab ͉ ab͒ are neglected. As shown in Table I , these terms are extremely small ͑i.e., Ͻ10
−10
͒ for typical nuclear systems. In general, the energy of a molecular system with equivalent high-spin bosonic nuclei can be approximated by the Hartree-Fock energy for the corresponding system with high-spin fermionic nuclei. An analogous derivation shows that this approximation also holds for energies of bosonic systems with zero total spin. The results presented in Sec. III for systems with multiple equivalent deuterium nuclei are obtained using the HartreeFock energy expression for high-spin fermionic nuclear systems with the mass of deuterium.
III. APPLICATIONS
In this section, we apply the NEO approach to a variety of chemical systems, including hydrogen halides, water, ammonia, hydronium ion, water dimer, ammonia-water dimer, formate anion, and a series of amines. In all cases, we examine the isotope effects on the geometries and electronic wave functions. The changes in electronic wave functions are analyzed by calculating the partial atomic charges on the heavy atoms. These calculations enhance our understanding of the fundamental physical principles leading to the experimentally observed isotope effects.
The optimized nuclear basis sets for deuterium and tritium are expected to differ from the optimized nuclear basis set for hydrogen. Previously we developed the DZSPDN nuclear basis set for hydrogen. 9 This basis set includes two each of s-, p-, and d-type Gaussians, resulting in a total of 20 nuclear basis functions per hydrogen center. We performed the same procedure as described in Ref. 9 to develop analogous DZSPDN basis sets for deuterium and tritium. These basis sets are given in Table II . Note that the exponents in the basis sets depend somewhat on the initial conditions during the optimization procedure, but we found that the results presented in this paper are invariant to these differences in the exponents. For the calculations presented below, we used these nuclear basis sets in conjunction with the 6-31G͑d , p͒ electronic basis set. [27] [28] [29] [30] To study the impact of nuclear basis set on the results, we repeated the calculations using the hydrogen nuclear basis set for all three isotopes and found that the trends in bond lengths and partial charges were reproduced. This observation indicates that the qualitative results are not sensitive to the details of the nuclear basis sets, as long as sufficient flexibility is included.
We utilized the Mulliken, 31 CHELPG, 32 and Merz-Kollman 33 analysis methods to calculate the partial atomic charges. We performed these analyses using conventional electronic structure methods with the electronic orbitals obtained from the NEO calculations. The hydrogen nuclei were placed at the optimized positions for the nuclear basis function centers to ensure orthogonality of the electronic mo- lecular orbitals. In the Mulliken analysis method, the partial atomic charges are obtained directly from the molecular orbitals, whereas in the CHELPG and Merz-Kollman analysis methods, the partial atomic charges are derived from the quantum chemical electrostatic potential. We found that the trends were the same for all the three charge analysis methods.
In our most straightforward application, we used the NEO approach to study the isotope effects on the geometries and electronic wave functions for the hydrogen halides HF, HCl, and HBr and the polyatomic molecules H 2 O, NH 3 , and H 3 O + . The results are given in Table III . These calculations illustrate that increasing the mass of the light atom decreases the bond length. The zero point energy is larger for the smaller mass, thereby leading to more significant anharmonic effects and thus a greater average bond length. This trend in geometries was observed previously by Tachikawa et al. 3, 34 with a nuclear basis set including only a single 1s basis function. Experimental measurements have also shown that the bond length decreases as the mass is increased from that of hydrogen to deuterium to tritium for the hydrogen halides, 16 water, 17 and ammonia. 18, 19 We also calculated the partial atomic charges for these molecules. Our results indicate that the magnitude of negative partial atomic charge on the heavy atom decreases as the mass of the light atom increases. To obtain further insight, we performed conventional electronic structure calculations for the geometries optimized with the NEO approach and found that the trend from the NEO calculations is reproduced ͑i.e., the magnitude of negative partial atomic charge on the heavy atom decreases as the bond length decreases͒. Although the trend is the same, however, the quantitative changes in partial atomic charges are smaller for the conventional electronic structure calculations than for the NEO calculations. Thus, the changes in partial atomic charges arise from a combination of geometrical isotope effects and differences in the nuclear wave functions for the isotopes.
In addition to studying molecular properties, we used the NEO approach to investigate isotope effects on hydrogen bonding in the water dimer and the ammonia-water dimer. These molecules are depicted in Fig. 1 . The ammonia-water dimer structure studied in Ref. 35 has ammonia as the proton donor and water as the proton acceptor in the hydrogen bond, whereas our calculations indicate that the minimum energy structure for this complex has water as the proton donor and ammonia as the proton acceptor in the hydrogen bond, as depicted in Fig. 1 . Conventional electronic structure calculations 36 predict a minimum energy structure consistent with our NEO calculations. Furthermore, the hydrogen bonding structure obtained with our NEO approach is consistent with experimental spectroscopic data. 37 The calculated geometrical values at the hydrogen bonding interface are given in Table IV . All light nuclei are treated quantum mechanically ͑i.e., four quantum nuclei in the water dimer and five quantum nuclei in the ammoniawater dimer͒. We found that the trends in Table IV are reproduced when only the hydrogen bonding nucleus is treated TABLE IV. Geometric parameters for the water dimer and the ammoniawater dimer optimized with the NEO approach. In the notation for the distances, the subscripts D, A, and Y correspond to the hydrogen bond donor, the hydrogen bond acceptor, and the intervening light atom ͑H, D, or T͒. The molecules are depicted in Fig. 1 . The distances are given in angstroms. quantum mechanically. Our results indicate that increasing the masses of the light nuclei leads to weaker hydrogen bonding in these complexes. This weakening of the hydrogen bonding is consistent with the molecular results in Table III , where deuteration is shown to decrease the dipole moments of water and ammonia and decrease the magnitude of negative charge localized on the heavy atoms. The weakening of hydrogen bonding upon deuteration has been observed experimentally in crystals and is known as the Ubbelohde effect. 20 This trend was also observed previously by Tachikawa and co-workers, 34, 35 although they used a nuclear basis set that includes only a single 1s basis function and, for the ammonia-water dimer, 35 treated only the hydrogen bonding nucleus quantum mechanically.
We emphasize that a more flexible nuclear basis set, as well as the inclusion of sufficient electron-proton correlation, would lead to a more accurate description of the lowfrequency bending modes and could reverse these trends observed for hydrogen bonding. The nuclear basis sets used in this paper were designed for stretching modes and therefore do not accurately describe the low-frequency bending modes. Molecular beam experiments on the gas phase hydrogen fluoride dimer indicate that the hydrogen bond is strengthened upon deuteration ͑i.e., the distance between the fluorine atoms decreases͒. 21 As shown in Ref. 38 , this isotope effect for the hydrogen fluoride dimer is not reproduced with the NEO-MP2 ͑second-order Moller-Plesset perturbation theory͒ method 13 in conjunction with the present DZSPDN nuclear basis sets but is reproduced with the vibrational selfconsistent-field approach. 39 Furthermore, calculations with an alternative method for the water dimer and the ammoniawater dimer indicate that deuteration strengthens the hydrogen bonds ͑i.e., decreases the donor-acceptor distances͒. 40 Future work will focus on the design of a nuclear basis set and inclusion of electron-proton correlation for the accurate description of low-frequency bending modes to enable a more complete study of isotope effects on hydrogen bonding.
For the final application presented here, we examined the beta secondary isotope effects for formate anion, methylamine, dimethylamine, and trimethylamine. The molecules are depicted in Figs. 2 and 3 , and the partial atomic charges are given in Tables V and VI. For the amines, only the methyl hydrogen atoms were isotopically substituted. As observed for the smaller systems discussed above, the bond lengths involving the isotopically substituted hydrogen decrease as the mass of the light atom increases. The bond lengths between heavy atoms change by only ϳ10 −4 Å upon isotopic substitution of the beta hydrogens. Experimental NMR measurements of changes in pK a indicate that the basicities of carboxylic acids 22, 23 and amines 24 increase when the beta secondary hydrogen atoms are replaced with deuterium atoms. We performed NEO calculations on the unprotonated species ͑i.e., the formate anion, which is the conjugate base of formic acid, and the neutral amines͒ and calculated the partial atomic charge on the heavy atom representing the protonation site for the experimental NMR measurements of changes in pK a . For all systems, increasing the mass of the beta hydrogens resulted in more negative partial atomic charge on the protonation site, thereby indicating an increase in basicity. This trend was observed for two different nuclear basis sets and three different atomic charge analysis methods. These results are consistent with the experimental measurements on related systems. Furthermore, the trends in the partial atomic charges were reproduced with conventional electronic structure calculations for the formate ion and amine geometries optimized with the NEO approach for hydrogen, deuterium, and tritium. Thus, the geometric isotope effects lead to changes in the electronic wave functions that could impact basicity. The quantitative changes in partial atomic charges upon isotopic substitution, however, depend on the character of the nuclear wave functions as well as the molecular geometries. We emphasize that a complete study of the isotope effects on basicity requires investigation of the equilibrium between the unprotonated and protonated forms in solution. For example, a viable explanation for the beta secondary isotope effects on amine basicity is the change in vibrational frequencies upon protonation of the nitrogen. 24 The results presented in this paper provide insight into only a single factor impacting these isotope effects.
IV. CONCLUSIONS
In this paper, we presented a detailed analysis of systems with equivalent fermionic or bosonic quantum nuclei. This analysis has significant implications for nuclear-electronic molecular orbital calculations. When multiple quantum nuclei are in identical environments, a Hartree-Fock nuclear wave function does not provide physically reasonable results for systems comprised of low-spin fermions or equivalent bosons. The physical basis for this breakdown of HartreeFock is the dominance of the ionic terms ͑i.e., the one-center electron-electron repulsion integrals͒ for nuclear systems at equilibrium molecular geometries because of the localized nature of the nuclear orbitals. Multiconfigurational or valence bond wave functions provide reasonable descriptions of these types of systems. Since the exchange terms are negligible for quantum nuclei in molecular systems, the NEO-HF energy expression for high-spin fermions provides a reasonable approximation to the ground state energy for bosons as well.
In addition, we applied the NEO approach to a variety of chemical systems to elucidate the isotope effects on the geometries and electronic wave functions. Replacement of hydrogen with deuterium for hydrogen halides, water, ammonia, and hydronium ion decreases the bond length and the magnitude of negative partial atomic charge on the heavy atom. These results are consistent with experimental spectroscopic data. [16] [17] [18] [19] Our calculations indicate that a complete study of isotope effects on hydrogen bonding in the water dimer and the ammonia-water dimer requires an accurate description of the low-frequency bending motions. 38 The design of a more flexible nuclear basis set and the inclusion of electron-proton dynamical correlation will enable these types of studies in the future. Furthermore, we found that deuteration at the beta position ͑i.e., two bond lengths from the protonation site͒ for formate anion, methylamine, dimethylamine, and trimethylamine increases the magnitude of the negative partial atomic charge on the protonation site for the unprotonated species. This observation is consistent with the experimentally observed increase in basicity upon deuteration of the beta position for carboxylic acids 22, 23 and amines. 24 The changes in vibrational frequencies upon protonation are also expected to impact the isotope effects. 24 These theoretical developments and applications illustrate that the NEO approach is highly suitable for the investigation of isotope effects in molecular systems. The NEO approach avoids the harmonic approximation typically invoked in the calculation of isotope effects with conventional electronic structure theory. For relatively small systems, the anharmonic effects of the nuclear motions on a BornOppenheimer electronic potential energy surface can be included with grid-based methods. The NEO approach is advantageous over grid-based methods because a larger number of nuclei can be treated quantum mechanically in a computationally practical way. Moreover, in contrast with grid-based Born-Oppenheimer approaches, the NEO approach includes the impact of the nuclear quantum effects on the electronic wave function, thereby elucidating the isotope effects on the partial atomic charges, which in turn influence hydrogen bonding and basicity. The quantitative accuracy of the NEO approach can be improved by including electronelectron and electron-proton correlations with perturbation theory 13 and multiconfigurational methods. 9, 11, 12 
